Abstract. Systematic space-charge resonances are found to cause substantial emittance growth in proton driver rings and non-scaling fixed field alternating gradient (FFAG) accelerators. To avoid systematic nonlinear resonances, the phase advance of each cell must avoid π/2 and π/3. This limits the betatron tune range and the momentum acceptance for non-scaling FFAG accelerators. The emittance growth factor (EGF), defined as the ratio of final emittance to the initial emittance, is found to obey scaling properties in the linear space-charge tune shift parameter, the tune ramping rate, and stop-band widths of random quadrupole and skew-quadrupole errors.
Introduction
Emittance evolution for space-charge dominated beams is one of many important topics in high intensity beam accelerators and storage rings. Even a small fraction of beam loss in these accelerators can cause radiation and operation problems. It is imperatively important to minimize beam loss and understand the emittance evolution.
There are many sources that can cause emittance growth. In linacs, the emittance growth can arise from the transverse-longitudinal (synchro-betatron) coupling, halo formation induced by collective envelope-modes or structure resonances, etc. In circular accelerators, candidates for emittance growth are the half-integer stop-band that can perturb the beam envelope function [1] - [3] , the Montague resonance [4] , and the sum resonance induced by the random skew-quadrupole field [5] .
Because emittance growth is an important issue for high intensity beams, many numerical simulation codes have been constructed to study the emittance evolution [6] - [10] . These computer codes can study the interplay between space-charge force and other beam dynamics issues, such as dynamic ramping of the betatron tunes through betatron and synchrotron resonances, effect of beam acceleration in rf cavities located in dispersive region, etc.
Resonance crossing is an important subject in accelerator physics [11] . In particular, the betatron tunes of non-scaling fixed field alternating gradient (FFAG) accelerators may cross many resonances during the beam acceleration. There are a few studies on the effects of resonance crossing in the FFAG [12] , which examine only non-systematic resonances, that are in principle correctable. This paper is intended to study the emittance growth mechanisms in high intensity accelerators during the stacking process and rapid cycling synchrotrons, such as FFAG accelerators. In particular, we will study the emittance growth mechanism resulting from the systematic space-charge force even when the FFAG accelerator is perfectly designed and constructed. We build a model to examine key ingredients in the emittance growth, and study the effects of random-quadrupole and skew-quadrupole errors.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT This paper is organized as follows. Section 2 discusses the algorithm of our multi-particle simulation model. The space-charge force of our model is based on the potential derived from a Gaussian beam distribution, where the horizontal and vertical rms beam radii are updated in each revolution. Although there are a few self-consistent space-charge codes that can be used to study the emittance evolution, we choose the potential model in order to provide a fast parametric study. Section 3 studies the effect of systematic nonlinear space-charge resonances on emittance growth during the beam injection stacking. We also employ this particle tracking model to evaluate the effects of random errors in dipoles, quadrupoles, and skew-quadrupole fields on the beam emittances. Section 4 studies the effect of tune ramp through betatron resonances. We limit our study to the systematic nonlinear space-charge resonances, and linear resonances induced by quadrupole and skew-quadrupole errors. Section 5 presents conclusions and discussions.
Algorithm of multi-particle simulation with space-charge
To understand the phenomena involved in emittance growth, we construct a multi-particle code to study the emittance evolution. As the beam gets stacked in a synchrotron, particles experience a space-charge force proportional to the accumulated beam intensity. We track particle-motion in the presence of the space-charge force to extract the essential mechanisms of emittance growth. Our algorithm is given as follows.
Energy gain in rf cavities
The horizontal phase space coordinates are
where (x β , x β ) are the betatron coordinates, and (D, D ) are the dispersion functions. Since each particle gains the same amount of energy E = u in an rf cavity, the changes of the betatron coordinates are x β = −Du/β 2 E and x β = −D u/β 2 E. The beam centroid is constantly carrying out the coherent betatron motion, excited by the energy gain in cavities. The effect is more important at lower energies. The effective kick angles of these cavities are normally less than 1 × 10 −5 rad; its effect is small unless all cavities are located in a single straight section [5] . We will not discuss this issue further in this paper.
FODO cells and random linear errors
We consider an accelerator lattice made of 24 FODO cells, where a FODO cell is made of a focusing quadrupole and a defocusing quadrupole separated by drift spaces or dipoles. Particle transport in each FODO cell is carried out by the transfer matrix from D to F, and F back to D with We may change the values of these betatron amplitude functions to vary the systematic space-charge resonance strengths. Systematic sextupoles and small random dipole, quadrupole, and skew-quadrupole errors are introduced as kicks to each particle:
The dipole components b 0 and a 0 are applied to each particle with a random seed to simulate the closed orbit mis-injection. The random quadrupole error is intended to create a half-integer stopband in order to test the importance of the envelope dynamics and the half-integer stop-band on particle motion. The quadrupole component b 1 (s) is generated by a random seed with zero tune shift, i.e. β x (s)b 1 (s) ds = 0 and β z (s)b 1 (s) ds = 0. The random skew-quadrupoles take into account the quadrupole roll and the vertical closed orbit error in sextupoles. All random numbers are generated by random seeds with uniform distribution from −1 to +1. The magnitude of these random linear error fields are controlled by amplitudes A b0 , A a0 , A b1 , and A a1 respectively, and the amplitude of the rms errors are 1/ √ 3 of the corresponding amplitudes. The sextupole component b 2 is inherent to all dipoles. They are introduced as a thin lens kick at the end of each half cell. The sextupole strengths depend on the magnet type and the ramping cycle. However, we find that their effect on emittance is small, unless systematic third order resonances are encountered, i.e. 3ν x = P and ν x + 2ν z = P. We have also include random sextupoles in our program. We find that their effects on emittances are small unless resonance conditions are encountered. Since we are mainly interested in the effect of the space-charge force, we neglect all sextupoles in this study.
Space-charge force
Since the emittance growth time is much shorter than the synchrotron period, we consider only 2D simulation with a frozen longitudinal phase space at the centre of the bunch s = 0. For 
where the singularity at x = z = 0 is removed by the addition of the −1 term in the numerator of the integrand, R = σ z /σ x is the aspect ratio,
, is the generalized space-charge perveance, σ x and σ z are the horizontal and vertical rms beam radii, N is number of protons per unit length, and r 0 = 1.5347 × 10 −18 m is the classical proton radius. The horizontal rms beam radius is composed of both the betatron and off-momentum width contributions. For a beam with Gaussian distribution in the longitudinal phase space, we find N = N B /( √ 2πσ s ), where N B is the number of particles in a bunch and σ s is the longitudinal rms bunch length.
In order to test many conditions, we carry out non-self-consistent multi-particle simulation based on the space-charge potential model, i.e. the space-charge force is modified by the rms radii, but remains in the Gaussian-potential form. Although the distribution function may become non-Gaussian, our space-charge kick remains in the Gaussian beam approximation. Each particle experiences a space-charge kick given by
where is the length of the half cell. The form factors F x,sc and F z,sc in equation (4) are obtained by using the space-charge potential of equation (3) up to the second order expansion in round beam geometry, and exponentiated to produce zero tune shift for large amplitude particles. 4 Note that the approximation underestimates the space-charge kicks at (x, z) > 2(σ x , σ z ). We compare the approximated form factor with the exact form factor derived from the space-charge potential in the appendix. Since we study the physics of emittance growth less than a factor of four, our 6
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We will use ν sc0 to represent either the horizontal or vertical space-charge tune shift parameter at the initial emittances. The space-charge force is approximated by 48 localized space-charge kicks per revolution. The rms beam radii calculated from the multi-particle phase space distribution is used for space-charge kicks in the next revolution. The advantage of this approximation is that the noise in the calculation of the rms radii is smoothed out in one revolution. The resulting calculation depends less on the number of macro-particles in the simulation. The disadvantage is that the variation of the rms radii resulting from the random quadrupole field error is washed out. The random quadrupole error can create beta-beat and beam size variation in the accelerator, and thus the space-charge force should also have the beta-beat frequency. The effect of the beta-beat in the space-charge force vanishes when we use the averaged rms beam radii from the previous revolution for the space-charge kick of the entire next revolution.
Emittances in high power neutron sources
We now explore the effect of systematic space-charge higher order resonances on the beam emittances. Some of these resonances are 4ν x = P, 4ν z = P, 2ν x + 2ν x = P, 6ν x = P, etc. When the 4th order systematic space-charge resonance is encountered, each basic lattice cell has a phase advance of π/2. In actual high power neutron sources, we have ν sc0 ≈ 0.1 ∼ 0.2. Since we are studying the effect of the systematic space-charge resonances, we will artificially increase ν sc0 to as large as 1.1.
Systematic space-charge resonances
When the accelerator is free from random errors, only systematic machine resonances can affect the beam performance. In our model of P = 24, the systematic 4th order space-charge resonances occur 4ν x = 24, 4ν z = 24, and 2ν x + 2ν z = 24. Existence of the systematic 4th order spacecharge resonance islands has been shown to exist in the self-consistent space-charge model calculations in the bunch rotation manipulation [14] . Experimental measurements of beam profiles at the KEK PS have also inferred that the large emittance growth has resulted from the systematic 4th order space-charge resonance [15] . We consider the case of high intensity beam with the initial rms emittances x0,rms = z0,rms = 25π mm mrad and bare machine tunes located at ν x0 = 6.23 and ν z0 = 6.2. The beam is accumulated for 1000 injection turns reaching at the end ν sc0 = 1.1. In an actual high power neutron source, the ν sc0 is only 0.2, and the beam never encounters the condition in our numerical simulation; however in a bunch compression process a tune shift of magnitude one is possible.
As the beam is injected into the accelerator, the betatron tunes for zero amplitude particles are pushed downward as shown on the top-left plot of figure 1. Note that the emittances begin to increase when the betatron tunes are pushed through the systematic resonances shown in the bottom left plot. The right plots of figure 1 show the normalized Poincaré maps at the end of a 1000 turn accumulation.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . Top left plot: betatron tunes of the small amplitude particles as a function of injection revolution. When the tunes cross the systematic spacecharge resonances, the emittances begin to increase, as shown on the bottom-left plot. Right plot: the normalized Poincaré surface of section at the end of 1000 revolution, showing the effect of the 4th order nonlinear space-charge resonance at 4ν x = P and 4ν z = P, where P = 24 in our numerical example.
Stop-band widths of the 4th order resonances. The 4th order space-charge potential is
We carry out a Floquet transformation and expand the space-charge potential in Fourier harmonics to obtain where |G m,n, | and χ m,n, are the amplitude and phase of the resonance strength:
Here β x and β z are the betatron amplitude functions, ν x and ν z are the betatron tunes, θ = 2πs/C is the orbital angle, C is the circumference of the accelerator, and the betatron phase advance
dsβ z . The resonance strengths for a beam with equal emittances = x = z can be factorized as:
where C is the circumference. The factor K sc C/(8π ) is the linear Laslett space-charge tune shift in the round beam geometry, and the reduced resonance strength g m,n, depends solely on the geometric factor of beam size modulation in each cell. For a lattice made of FODO cells at equal tunes, the reduced resonance strength are g 4,0, = 0.0148, g 0,4, = −0.0149, g 2,2, = −0.000104, and g 2,−2, = 0.117. The coefficients in our model calculation are approximated by two spacecharge kicks in each FODO cell. Including the momentum width, these coefficients are about 0.0402, −0.0404, −0.00576, and 0.0982 for the Fermilab Booster parameters. However, we can change the betatron amplitude functions to vary the stop-band width. The SIS18 lattice at GSI is made of P = 12 triplet cells with the vertical betatron tune of 3.23. The variation of the betatron amplitude functions is smaller in a triplet cell, and the amplitudes of the reduced resonance strengths are 0.00125, −0.00133, 0.000262, and 0.124 respectively. We observe that (i) g 0,4, and g 4,0, are out of phase and thus the phase space maps shown on the right plots of figure 1 are 45
• from each other; (ii) the strength G 2,2, of the sum resonance for accelerator lattices is small, because the integrand of equation (12) is nearly constant and the Fourier amplitude of a constant at a nonzero harmonic is zero; and (iii) the Montague resonance strength is uniformly large for all accelerators. Although we have used only two space-charge kicks per FODO cell in numerical simulations, the resulting resonance strengths can be varied by changing the betatron amplitude functions at these space-charge kick locations. figure 2 show the case with the bare tunes at (ν x0 , ν z0 ) = (5.90, 6.40). As the injection turn increases, the tunes cross the 2ν x + 2ν z = 24 resonance, and both the horizontal and vertical emittances increase at a much lower rate.
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Effects of linear errors

Half-integer stop bands.
The quadrupole field errors can drive envelope resonance instability and coherent betatron motion. The envelope instability causes mis-matched β-function, and induces emittance growth. On the other hand, the quadrupole field error can also cause unstable betatron motion for each particle. The action of the particle will grow until |ν − p 2 | > |J p |/2, where ν is the betatron tune, p is an integer and J p is the half-integer stop-band width:
Here β(s) is either the horizontal or vertical betatron amplitude function, K(s) is the quadrupole field error, φ(s) = (ds/β(s)) is the corresponding normalized betatron phase, and s is the longitudinal coordinate. When the betatron tune ν of a particle sits at p/2, the action of the particle will grow exponentially as exp(2π|J p |n) where n is the revolution number [2] .
We prepare a beam with ν sc0 = 0.109 and an initial rms emittance of 8.5π mm mrad, near the half integer stop-band at ν x0 = 6.5. The random quadrupole-field errors has a stop-band width of |J 13 | = 5.46 × 10 −3 at ν x0 = 6.5. Consider the following three cases: (i) a beam with 100 turn injection at a bare horizontal tune of ν x0 = 6.65, and then ν x0 is ramped from 6.65 to 6.52 from 200 to 1200 revolutions; (ii) a beam with one turn injection at a fixed ν x0 = 6.52; and (iii) a beam with 1000 turn injection at a fixed tune of 6.52. The top-left plots of figure 3 show the evolution of the small amplitude horizontal betatron tunes. The bottom-left plot shows the horizontal emittances. The black curve corresponds to case (i), red curve for case (ii), and blue curve for case (iii) respectively. The right plots shows the corresponding normalized phase space Poincaré maps at the end of 2000 revolutions.
The envelope mismatch is supposed to be the largest for the case (ii); however, it has the smallest emittance growth (see red curve in figure 3 ). The reason is that few particles fall within the stop-band width. If the betatron tunes of small amplitude particles were ramped through the half integer stop-band, emittance growth would occur. For both cases (i) and (iii), particles at the centre of the distribution are swept through the half-integer stop-band, and the emittance growth becomes inevitable. The phase space distributions, shown on the top and bottom plots of figure 3, reflect the nonlinear Mathieu instability in many dynamical systems (see e.g. [16] ). Thus the essential emittance growth mechanism is the half-integer resonance due to the random quadrupole error.
All linear errors.
The systematic 4th order space-charge resonances occur at 4ν x = P and 4ν z = P, where the phase advance of each (FODO) cell is π/2. What happens if other linear errors are included? Figure 4 shows the emittance growth during the 1000-turn injection for the case of (i) no error (green curves), i.e. only space-charge resonances; (ii) with dipole field errors (blue curves) at A b0 = 2.0 × 10 −5 rad and A a0 = 7.5 × 10 −5 rad; (iii) with dipole field and quadrupole field errors (magenta curves) at A b1 = 4.0 × 10 −4 m −1 ; (iv) with additional skew-quadrupole error at A a1 = 40 × 10 −3 m −1 (red curves); and (v) with an additional systematic sextupole fields (black curves). The magnitudes of these random errors are the typically tolerance of accelerator magnets. The emittance growth from the systematic 4th order space-charge resonance dominates.
What happen if the betatron tunes do not encounter the systematic 4th order space-charge resonances? We set the bare betatron tunes at (ν x0 , ν z0 ) = (5.83, 5.80), i.e. the space-charge show clearly that there is no emittance growth during the 1000-turn injection process (see green points), where a small emittance exchange is visible arising from the Montague resonance. However, when linear errors are included, similar to those of figure 4, the emittance increase becomes evident. The emittance growth arisely mainly from the sum resonance due to the random skew-quadrupoles. Although the resulting emittance growth is smaller than that of figure 4 , the emittance increase is still sizable. The amount of emittance growth depends on the stop-band widths of quadrupole and skew-quadrupole errors. These stop-bands can in principle be corrected. 
Higher order systematic space-charge resonances
Since the space-charge potential is highly nonlinear, higher order space-charge resonances can also be important. For this purpose, we set the bare tunes at (ν x0 , ν z0 ) = (4.25, 4.20). Similar to the 4th order systematic space-charge resonances, the betatron tunes for the small amplitude particles will decrease. When the tunes of a particle reach the resonance 6ν x,z = P, the phase space coordinates of the particle experience coherent space-charge kicks. Eventually, the phase space distribution of the beam will evolve into resonance structure shown in the right-hand side plots of figure 6 . Comparing with the emittance growth from the 4th order space-charge resonance shown in figure 1 , we find that the emittance growth for the 6th order space-charge resonance is also important, shown in the bottom-left plot of figure 6 .
Besides the 6th order space-charge resonances, the systematic 8th order space-charge resonances 8ν x/z = 2P can occur at the same tune as those of the 4th order resonance. The strength of the systematic 8th order resonance is the second harmonic Fourier integral of envelope shape functions. Unless the 4th order resonance is completely suppressed, the 8th order resonance is hardly visible in all calculations. 
Effect of tune ramp through resonances
There is a recent revival of interests in using the FFAG accelerators for proton drivers [17] , which may find applications in muon colliders, neutrino factory, neutron sources, energy amplifiers, etc. The FFAG research in the United States focuses on a non-scaling design that requires a much smaller magnet aperture [18] . Unfortunately, the betatron tunes of the non-scaling FFAG cannot be maintained at a value within two integers. The betatron tunes decrease because the focusing field is kept nearly constant, while the beam momentum increases.
The FFAG accelerator may encounter many technical challenges in rf, magnet and vacuum technologies. However, its difficulties in beam physics have not been challenged. Emittance blowup for space-charge-dominated beams is one of many important topics in all high intensity accelerator and storage rings. For an FFAG accelerator, the betatron tune ramp rate is given by
where E is the energy gain in one revolution. Assuming that the energy gain per revolution is 1 MeV, we find that the tune ramp rate will be less than 0.02, i.e. the tune is changed by one unit in 50 revolutions; however, for the sake of generality, we study the emittance evolution with dν/dN from 0.001 to 0.05 to cover all possible tune ramp conditions. We consider a beam intensity of 100 injection turns such that the total space-charge tune shift is about 0.15 and an initial rms beam emittance of 8.5π mm mrad in a perfectly designed and constructed accelerator without random errors. First, we consider the case of ramping the bare betatron tunes (ν x0 , ν z0 ) from (6.25, 6.20) to (5.85, 5.80) linearly from 200 to 1000 revolutions, shown as blue curves in figure 7 . Similarly, the case of the bare tunes ramping from (5.85, 5.80) to (6.25, 6.20 ) is shown as red curves in figure 7 .
The emittance growth is very severe for the down-ramp, because the betatron tunes tend to stay longer at resonance as the emittances increase. When the betatron tunes approach the 4ν x = 24 and 4ν z = 24 resonances, particles are transported and trapped on to the 4th order resonance islands. After passing through the 4th order resonance, particles decohere into a ring in the phase space, shown in the right plots of figure 7. Since the up-ramp gives a faster crossing rate, the resulting emittance growth is much smaller [19] . Ramping through non-systematic resonance integers does not cause any emittance growth shown as the green curve in figure 7 . To quantify the emittance growth, we define the emittance growth factor (EGF) as the ratio of the final emittance to the initial one. We carry out calculations of EGF for the 4th order nonlinear space-charge resonances. The bottom plot of figure 8 shows the EGF as a function of resonance crossing rate: ν/ n, which is defined as the tune ramp per revolution. Note that the EGF shows a power law, i.e. the EGF is proportional to ( ν/ n) −0.62 in the low crossing rate regime.
The EGF depends also on the strength of the space-charge force. Using the linear spacecharge tune shift parameter, ν sc0 , as the scaling parameter, we find that the EGF almost increases linearly with ν sc0 , as shown in the top plot of figure 8.
In fact, the EGF depends on the 4th order space-charge resonance strength. By varying the betatron function at the space-charge kick locations, we vary the resonance strength g 4,0, and g 0,4, . Figure 9 shows the EGF versus the tune ramp rate dν/dN for various g 0,4, . The X-symbols (green curve) correspond to the EGF obtained from a self-consistent space-charge calculations for the SIS18 by using the MICROMAP [7] . Since the self consistent space-charge calculation has an aperture limit, the turn-over of the EGF factor larger than four arises from beam loss. However, it is comforting to know that a self-consistent calculation gives a similar EGF scaling law! The EGF has scaling properties EGF ∼ (dν/dN) −a , where a ranges from 0.60 to 0.80. Each EGF curve corresponds to a fixed space-charge tune shift ν sc0 and the reduced resonance strength g 0,4, , obtained by varying the betatron amplitude functions at the space-charge kick locations. Extrapolation of each EGF curve with the power law (linear in the log-log plot) back onto the horizontal axis gives us a critical tune ramp rate. As an example, the dot-dashed line represents the extrapolation of the EGF of |g 0,4, | = 0.04. The dot-dashed line cuts the tune ramp rate at (dν/dN ) critical = 0.036. At the critical tune ramp rate, the EGF is less than 1.2, i.e. the emittance growth is less than 20%. Figure 10 shows the critical tune ramp rate, (dν/dN ) critical , versus the reduced resonance strength. Given a tune ramp rate, we obtain a tolerable reduced 4th order resonance strength, which provide a guideline for accelerator lattice design.
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 9 . The EGF versus the resonance crossing rate, ν/ n, through the systematic 4th order space-charge resonance with Laslett space-charge tune shift of 0.22 and various resonance strength g 0,4, for the vertical plane. The X-symbols (green) shows the EGF of the SIS18 lattice with similar Laslett tune shift, obtained by a self-consistent space-charge model [7] .
Effect of linear errors
Besides the systematic space-charge resonances, random errors play an important role in particle beam dynamics. Since the dipole field errors affect the closed orbit, which is relevant to the beam emittance at injection, we assume that the closed orbit is properly corrected, and will not discuss this problem further.
The random quadrupoles break the superperiodicity, and produce half-integer stop bands given by equation (14) . When the betatron tune of a particle sits on the half-integer stopband, the action increases exponentially with the number of revolutions. Similarly, the random skew-quadrupoles produces both sum and difference resonances. When the betatron tunes are ramped through many integers, the sum resonance is unavoidable. The stop-band width of a sum resonance is [2] and R is the mean radius of the accelerator. When the betatron tunes of a particle sit on a sum resonance, both the horizontal and vertical actions will grow as exp(2π|G 1,1, |n). Let the stop-band width be g = |J p | or g = |G 1,1, |. The EGF in passing through a resonance will be exp(2πg n), where n is the number of revolutions that the tunes of beam particles are inside the stop-band width. Since n ∼ g/(dν/dn), we find that the EGF becomes
where λ is a constant. We set up to calculate the EGF induced by the quadrupole and skew-quadrupole error. The algorithm is the same as what we have stated earlier, except that random-quadrupole and skewquadrupole kicks are added to each half cell [5] . We prepare a beam with ν sc0 = 0.217. The bare betatron tunes are ramped from (ν x0 , ν z0 ) = (6.85, 7.80) to (5.85, 6.80) in 50 revolutions. The EGF, resulting from the 4ν x = P systematic space-charge resonance, is about 1.5 in the horizontal plane. Now we calculate the EGF for quadrupole and skew-quadrupole errors separately. The quadrupole and skew-quadrupoles are generated by a random number generator. The stop-band width is then calculated from the error seed. Figure 11 shows the EGF as a function of the stopband width for both the quadrupole error and skew-quadrupole error. We find that the EGF can indeed be described well by exp(λ2πg 2 /(dν/dn)). The EGF for the horizontal plane is dominated
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 11 . The EGF is plotted as a function of the stop-band width for the random quadrupole and skew-quadrupole errors. The EGF obeys the scaling property: exp(λ2πg 2 /(dν/dn)), where λ is a constant, g is the stop-band width, and dν/dn is the tune ramp rate.
by the crossing of the systematic space-charge resonance at 4ν x = P. Since the vertical tune does not cross the systematic space-charge resonance, its EGF arises solely from the random errors. The random seed used in the quadrupole error happens to produce the stop-band widths (0.017, 0.047) for the horizontal and vertical planes respectively. The x growth factor, shown as circle symbols, stops at a stop-band width of about 0.017, because the vertical EGF becomes 3.08 and beam loss occurs. Figure 12 shows ln(EGF), that arises solely from the random quadrupole and skewquadrupole errors, as a function of 2πg 2 /(dν/dn) for dν/dn = 0.01 and 0.02. The scaling property of equation (17) is verified in the numerical simulations. The slope gives λ = 3.5 for sum resonances, and 1.5 for the half integer stop bands. Data presented in figure 12 include the vertical EGF of figure 11 and other calculations that the effect of systematic space-charge resonance is absence.
Conclusion
We use the rms space-charge potential model to study emittance growth mechanisms due to systematic space-charge resonances and random linear errors in accelerators. We find that the systematic space-charge resonance width can be factorized into a geometric factor and a 2 /(dν/dn) for random quadrupole and skew-quadrupole errors, where g is the resonance stop-band width, dν/dn = 0.01, 0.02 is the tune ramp rate. The slope is the parameter λ. We find λ ≈ 3.5 for the sum resonances, and 1.5 for the half integer stop bands. Since we are examine the EGF for the random quadrupole and skew-quadrupole errors only, only the EGF data of the vertical plane in figure 11 is used in this plot.
space-charge tune shift. The geometric factor depends essentially on the lattice design. We find that the systematic resonances are important to emittance growth for high intensity proton drivers. It is advisable to design the betatron tunes away from the systematic nonlinear resonances induced by the space-charge potential. However, when the linear errors such as the dipole field errors, quadrupole field errors, and skew-quadrupole field errors are included, emittance growth becomes inevitable. We find that the skew-quadrupole induced sum resonances are important [5] . Stop-band correction for the these resonances is important.
We also carried out the effect of betatron tune ramp through systematic space-charge resonances. We find that the down-ramp causes particularly serious emittance growth because the betatron tunes stay longer at the resonance. We found that the EGF obey power law with the tune ramp rate, i.e. EGF ∼ (dν/dN) −a , where a ≈ 0.60 ∼ 0.80. We define a critical tune ramp rate to characterize a tolerable EGF. The critical tune ramp rate was obtained as a function of the reduced 4th order resonance strength g 4,0, or g 0,4, for various space-charge parameters.
We also study the EGF in tune ramp through linear resonances induced by quadrupole and skew-quadrupole errors. The EGF can be described by a simple scaling law, shown in equation (17) with a ramping rate dν/dN 0.01. At a small ramping rate, the space-charge tune shift can enhance the EGF beyond the exponential growth. usable. In the future, the slightly more time consuming space-charge kicks of equation (A.4) will be implemented in our code, which can read the lattice file directly so that we can carry out space-charge simulations in the accelerator lattice design.
